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ABSTRACT 

The aim of this paper is to study the oscillatory behavior of solutions of general third order neutral delay 

differential equations using a generalized Riccati transformation. We establish new sufficient conditions for oscillations of 

solutions. Illustrative examples are given to support our main results. The obtained results extend and improve some 

known criteria in the literature. 
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1. INTRODUCTION 

There has been considerable interest in studying the oscillation of solutions of neutral delay differential equations 

in the last two decades. Although the oscillation of third-order equations has received less attentions relatively comparing 

with those of second-order, however there is an increasing interest in studying the oscillation of neutral delay third-order 

equations (see [2 ], [4 ], [ 6], [ 8] ) 

The aim of this paper is to study the oscillation of solutions of the third order neutral differential equation 
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 tztztftztbta                                                                                                                     (1.1) 
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Many efforts were done to give sufficient conditions for oscillation of differential equations of the type (1.1) see 

([6 ], [8], [ 10], [11 ]). To the best of our knowledge most of those papers consider a common condition on the nonlinear 

function f , namely 
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One of our main goal of this paper is to establish new oscillation criteria for Eq.(1.1) without the traditional 

condition )(c . The paper is organized as follows. In sec. 2 we give our main results, we establish sufficient conditions 

guarantee the oscillation of Eq.(1.1). In sec.3 we give some examples for which our criteria apply while the others in the 

literature fail. 

As in [9], we say that a function ),,( lst belongs to the function class , denoted by   if
 

 REC , , 

where   tsltlstE 0:),,( , which satisfies ,0),,(,0),,(  lltltt   and 0),,( lst  for 
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Further we define the operator  tlA ,;.  by 
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t

l
dssglsttlgA )(),,(:,; 2  for  0tlst  , where ),[)( 0  tCsg ,                                               (1.6) 

It is easy to see that  tlA ,;.  is a linear operator and satisfies  
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In what follows we use the notation of Philos-Kameneve type 
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 ),( stH has a continuous partial derivative with respect to s defined by               
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The key idea of the proofs depends of the technique used in [7, 9]. 

2. MAIN RESULTS 

Before starting our main results, we begin with the following lemma which plays an important role in the proof of 

main results. 

Lemma 2.1 

If )(tx  is a nonoscillatory solution of Eq. (1.1), then either 0)( tz , 

,0])()([)(,0)(  tztbtatz eventually or 0)( tz , ,0])()([)(,0)(  tztbtatz  eventually where 
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)(tz be  defined as in (1.1). 

Proof 

Without loss of generality we assume that 0))((,0)(  txtx   for 0tt  .  The proof when 0)( tx  is 

similar. Now since 0))((,0)(  txtx  , Then 0)( tz .  Firstly we claim that ])()([)(  tztbta  is monotone and of 

one signe. If this is false, then there exists 01 tt  such that 0])()([)(  tztbta ,      for some  1tt  . 
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Since  0)( tb , then   )(tz  as  t , which may lead to  )(tz  is eventually negative which 

contradicts the fact  0)( tz . Hence we conclude that 0])()([)(  tztbta  2tt  . Now we claim that 

0)(  tz , since 0)( ta and 0)( tb , then 0])()([  tztb , thus )(tz  is monotone and of one signe (i.e. 

0)(  tz  or 0)(  tz  ). Suppose that 0)(  tz .  
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 By integration, we get 
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  . Thus by )( 1H  we see that  )()( tztb  as  t , 

which contradicts our assumption  0)(  tz . Hence 0)(  tz . 
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Theorem 2.1 

Suppose that for each 0tl   there exists a function ),,( lst  such that  
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where the operator ],[.; tlA  and the function ),,( lst   are defined by (1.5) and (1.6). Then Eq. (1.1) is 

oscillatory. 

Proof 

Suppose that there exists a nonoscillatory solution )(tx such that 0)( tx
01 ttt  . Then 0)( tz .  
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Then by Lemma 2.1 we see that  )(tU  is well defined and  0)( tU . 
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 Now, from (1.1) and )( 3H , we get 
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Using (2.2), we have 
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Applying the operator ],[.; tlA  to (2.3), we get 
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This contradicts (2.1). Hence Eq. (1.1) is oscillatory. 

Remark 2.1 
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Then we have the following result 

Corollary 2.1 

Eq. (1.1) is oscillatory provided that for each 0tl   there exist two functions 
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Theorem 2.2 

Assume that there exists a function  RtCg ),,[ 0
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 Then Eq. (1.1) is oscillatory. 

Proof 

Let )(tx  be a nonoscillatory solution of (1.1), then there exists 01 tt   such that 

,0))((,0)(  txtx   1tt   . As in the proof of Theorem 2.1 we have (2.2). 

Now define 
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This contradicts (2.4). Hence Eq. (1.1) is oscillatory. 

In Theorem 2.2, if we take 
1)(),(  nststH   for Dst ),(  , 2n  , then 

2/)3())(1(),(  nstnsth . Hence we get the following result. 
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where )(),( tvt are as in Theorem 2.2. Then every solution of Eq. (1.1) is oscillatory. 
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EXAMPLES 
Example 3.1 

Consider the D.E. 
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Hence by Theorem 2.1 Eq. (3.1) is oscillatory. 

One such solution of Eq. (3.1) is ttx sin)(  . 
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