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ABSTRACT

The aim of this paper is to study the oscillatory behavior of solutions of general third order neutral delay
differential equations using a generalized Riccati transformation. We establish new sufficient conditions for oscillations of
solutions. Illustrative examples are given to support our main results. The obtained results extend and improve some

known criteria in the literature.
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1. INTRODUCTION

There has been considerable interest in studying the oscillation of solutions of neutral delay differential equations
in the last two decades. Although the oscillation of third-order equations has received less attentions relatively comparing
with those of second-order, however there is an increasing interest in studying the oscillation of neutral delay third-order
equations (see [21,[41,[6],[8])

The aim of this paper is to study the oscillation of solutions of the third order neutral differential equation

(a® bz M) + f (t,2().2'()) =0 a1
where Z(t) = x(t) + p(t)x(z(t))
under the assumptions

(H,) at), b(t), p(t) e C((0,0)), 0< p(t) < p,< o , and jfa-l(s) ds = oo, jfb-l(s) ds = oo,

(H,) Vt>t,, o(t), z(t) e C*([t,,©),R), o'(t) > 0, o(t) <t, z(t) <t,

!im o(t) = oo, !im t(t)=w, 7'(t) =7, >0, 007 =700

(H;) feC(RxR?R), and >K >0.

f(t,u,v)
\"

Many efforts were done to give sufficient conditions for oscillation of differential equations of the type (1.1) see

([61, 18], [ 10], [11 ]). To the best of our knowledge most of those papers consider a common condition on the nonlinear

function f, namely



184 M. M. A. El-Sheikh, R. Sallam & N. Mohamady

T™skso ()
X

One of our main goal of this paper is to establish new oscillation criteria for Eq.(1.1) without the traditional
condition (C). The paper is organized as follows. In sec. 2 we give our main results, we establish sufficient conditions

guarantee the oscillation of Eq.(1.1). In sec.3 we give some examples for which our criteria apply while the others in the

literature fail.

As in [9], we say that a function ¢(t, S, ) belongs to the function class 2, denoted by ¢ € Q if ¢ € C(E, R),
where E ={(t,s,1):t, <l <s<t<oo}, which satisfies #(t,t,1)>0, #(t,1,1)=0, and #(t,s,1)>0 for
. ... 0¢ .
| <s<t,and has the partial derivative 8_ , defined by
S
?z(p(t,s,l) o, s,1), peQd (1.5)
S

Further we define the operator A[.; |,t] by
A [g; |,t]:: Ilt¢2(t,s, )g(s) ds for t>s>1>t,, where g(s) € C[t,, =), (1.6)

It is easy to see that A [ ; I,t] is a linear operator and satisfies
Alg’; 1,t]=-2A[ge; 1,t] for g e C [t ,0).
In what follows we use the notation of Philos-Kameneve type
D={(t,s):t,<s<t<ow} and D, ={(t,s):t, <sS<t<oo}.We say that a continuous function
H : D —[0,0) belongs to the function class X denoted by H e X if
e H(t,t)=0, H(t,s) >0 for (t,s) € D,.

e H(t,s)has a continuous partial derivative with respectto S defined by

% =-h(t,s)\/H(t,s) forsome heC(Dy,R). (1.7)

The key idea of the proofs depends of the technique used in [7, 9].

2. MAIN RESULTS

Before starting our main results, we begin with the following lemma which plays an important role in the proof of

main results.
Lemma 2.1
If X(t) is a nonoscillatory solution of Eq. (1.1), then either Z(t) >0,

Z'(t) >0, a(t)[b(t)z'(t)] >0, eventually or z(t)<0, 2z'(t)<0, a(t)[b(t)z'(t)]' <0, eventually where
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Z(t) be defined as in (1.1).

Proof
Without loss of generality we assume that X(t) > 0, X(z(t)) >0 for t>t,. The proof when X(t) <O is
similar. Now since X(t) > 0, x(z(t)) > 0, Then z(t) > 0. Firstly we claim that a(t)[b(t)z'(t)]’ is monotone and of

one signe. If this is false, then there exists t; > t, such that a(t)[b(t)z'(t)]' =0, forsome t>t,.

Since a(t) >0, then b(t)z'(t) =c, cis constant

If ¢ =0, wehave z'(t) =0=2"(t) forsome t>t,,

which leads to z(t) = 0, this contradicts z(t) > 0.

Now for ¢ = 0, we have a(t)[b(t)z'(t)]' =—f(t,z(t),z'(t))=0.

this contradicts the assumption (H;). Thus a(t)[b(t)z'(t)]' is monotone and of one signe. Hence either

at)[b)z'(t)] >0, or a(t)[b(t)z'(t)]' <0 for t =t . If a(t)[b(t)z'(t)]’ <O, then there exists t, =1, such

that

a(t)[b®)z’®)]' =-c, c>0 Vixt,.

Thus [b(t)z’(t)]'=a_TtC), t>t,.

Now by integrating from t, to t, we get

b(t) 2'(t) = b(t,) 2'(t,) - ;%ds 1>t

Since b(t) >0, then Z'(t) > —o0 as t —>o0, which may lead to Z(t) is eventually negative which
contradicts the fact z(t) >0. Hence we conclude that a(t)[b(t)z'(t)] >0 WV t=t,. Now we claim that
z'(t) >0, since a(t) >0and b(t) >0, then [b(t)z'(t)]’ >0, thus z'(t) is monotone and of one signe (i.e.

Z'(t) >0 or z'(t) <0 ). Suppose that z'(t) < 0.

Now since a(t)[b(t)z'(t)] =c>0.

Then [b(t)z'(t)]':m, t>t,.

C

t

By integration, we get

b(t)z'(t)=b(t2)z’(t2)+j:%ds L t>t,. Thus by (H,) we see that b(t)Z'(t) >0 as t—>o0,
2 alsS

which contradicts our assumption Z'(t) < 0. Hence z'(t) > 0.



186 M. M. A. El-Sheikh, R. Sallam & N. Mohamady

Theorem 2.1

Suppose that for each | > t, there exists a function @(t,s,l) € O such that

lim supA[ﬂ—a¢2,l,t]>0 (2.1)

t—ooo

where the operator A[.;l,t] and the function @ = ¢(t,s,|) are defined by (1.5) and (1.6). Then Eq. (1.1) is

oscillatory.

Proof

Suppose that there exists a nonoscillatory solution X(t) such that X(t) >0 Vt>t, >t . Then z(t) >0.

U - AOBOZOT
b()Z'()

Then by Lemma 2.1 we see that U (t) is well defined and U (t) > 0.

Now define

Differentiating U (t) , we obtain

U = COPOZOT ) _ at ){[b(t)z V)] } izt
b(t)2'(t) b(®)2'(t)

Now, from (1.1) and (H;), we get

(a)[b(t)z’®]) =—1(t,z(t),2'(t)) < -K Z'(t) (2.2)
Using (2.2), we have
: K U’
u'(t) < —@— a(t) , Vixt (2.3)

Applying the operator A[.;l,t] to (2.3), we get

AlU'(s);1,t] < A[m 14— ALY ((;)

AR

Thus, by the properties of the operator A[.;l,t], we obtain

[b( il <-Al 2((§)—2u )l ,t], VE=t,

_AH a(ls)U(s)— a(s) (p] ;|,+A[a¢2;|,t]< Alag?;1t]
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{%—aw ,I,t}<0

IlmsupA{——a(p ,I,t}so
t> b(s)

This contradicts (2.1). Hence Eq. (1.1) is oscillatory.

Remark 2.1

If we choose

@ 2)
d)(t,s,l)z\/Hl(s,I)Hz(t,s) , H,H, € X then o(t,s,1) = {\/H ((s I)) DZH ((ttz))]

1 aHl(S,I) and  h (2)(5 |) _ -1 6H2(t,s) .

® (e 1y _
Where  h, (SJ)—m o L Hy(ts) o

Then we have the following result

Corollary 2.1

Eq. (1.1) is oscillatory provided that for each | >t there exist two functions

H,;,H, € X such that

lim supJ' H,(s,)H,(t,s)

K _ a(s)( h(sl) _h"(ts) J ds>0
o b(s)

JHi(s 1) JH,(ts)

Theorem 2.2

Assume that there exists a function ¢ € Cl([tO,OO), R) such that for some #>1, H,he X

lim sup At )j [H(t s)‘P(s)——’Ba(s)v(s) h(t, s)j ds = (2.4)
K g’ 9(s)
where W(t) = v(t ){b(t) =0 g (t)} v(t) —exp( 2 j 26 ds)

Then Eq. (1.1) is oscillatory.
Proof

Let X(t) be a nonoscillatory solution of (1.1), then there exists T, >t such that
X(t) >0, x(z(t)) >0, Vt=>t, .Asinthe proof of Theorem 2.1 we have (2.2).

Now define
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a(®)b®)z' O
b(®)z'(t)

Then by Lemma 2.1 we see that W (t) is well defined and W (t) > 0.

W (t) = v(t)[ +gM)]>0, t>t,.

DifferentiatingW (t) ,weobtain

W) — v EODOZO)) _V(t)a(t){[b(t)z’(t)]’}z OGO
b(t)2'() b()2'() b(t)2'()

Using (2.2), we get

+V'(1)g(t) +v(t)g'(t)

wiy< - KYO v 90 [vv (1) g(t)]_ v(t) [vw 4 (t)jz IRVOIHO

b(t) a(t)  v(t) a®) | v() a(t) +v(t)g'(t)

W2 (t)
a(t)v(t)

W'(t) <-P(t) - (2.5)

Multiplying (2.5) by H (t, S) and integrating with respectto S from T to t, we get

jH(t s)¥(s)ds < H(t, T)W(T) - j (/ﬁ\'j(g ‘;)(S) ()+—,/,Hv(s) a(s) h(t, s)]

(B-DHWS),,
e A

p .
BV(s) a(s) W2 (s) dS+J.TZV(S) a(s) h(t,s) ds

_[Tt (H(t,s)‘P(s)—gv(s)a(s) hz(t,s)jds <H(@{T)W(T)

|ir? sup it )Lz [H(t,s)‘l’(s)—?v(s) a(s)hz(t,s)jdss[\/v (t;)| <o

This contradicts (2.4). Hence Eq. (1.1) is oscillatory.

In  Theorem 22, if we take H(t,s)=(t-3)"" for (t,s)eD , n>2 , then
h(t,s) = —(n —1)(t — $)"*"%. Hence we get the following result.

Corollary 2.1

Suppose that there exists a function g € Cl([tO,OO), R) such that for some integer N > 2 if

lim sup

t—oowo

ISR 3(@ 5y w(e) - L0 2k v(s)a(s)J ds= oo,

where W(t),V(t) are as in Theorem 2.2. Then every solution of Eq. (1.1) is oscillatory.
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EXAMPLES
Example 3.1

Consider the D.E.

1. ., ,' 1.2\ .\ _
(t—z[t z (t)]j +(I+t_3jz (t)=0 (3.1)

Where Z (t) = X(t)+%x(t—%)

Here a(t) = 12

bt =t, f(tz(t) z'(t) = ( t%jz’(t),p(t):1/2,r(t):t—1/2

Choosing ¢(t,s,1)=s—1

w:}+%ZK>O and p(t,s,1) = —

It is clear that ; .
z t ot s—I1

Now

K . : .
g ae |- lev |-ty

2 2
U ottt oz gz Lt
2 {2 |

lim sup A [K —ro’ ;|,t]:oo>0
t—>o

Hence by Theorem 2.1 Eq. (3.1) is oscillatory.

One such solution of Eq. (3.1) is X (t) =sint.
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